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Abstract. If E is an elliptic curve defined over a number field and p is a 
prime of good ordinary reduction for E, a theorem of Rubin [141 . Thm. 1, 
relates the p-adic height pairing on the p-power Selmer group of E to the 
first derivative of a cohomologically defined p-adic L-function attached to E. 
Bertolini and Darmon [3] have defined a sequence of "derived" p-adic heights. 
In this paper we give an alternative definition of the p-adic height pairing and 
prove a generalization of Rubin's result, relating the derived heights to higher 
derivatives of p-adic L-functions. We also relate degeneracies in the derived 
heights to the failure of the Selmer group of E over a Z p -extension to be 
"semi-simple" as an Iwasawa module, generalizing results of Perrin-Riou 1121 . 



0. Introduction and Notation 

Fix forever a rational prime p > 2. By a coefficient ring we mean a commutative 
ring which is complete, Noetherian, and local with residue field of characteristic p. 
Fix a finite set of places £ of a number field F containing all archimedean places and 
all primes above p, and let Gs = Gal(Fs/F) where Fs is the maximal extension 
of F unramified outside of £. For any coefficient ring R, denote by Mods(i?) the 
category of free i?-modules of finite type equipped with continuous, i?-linear actions 
of Gy,- The notation M{k) for any G^-module M means Tate twist, as usual. 

Throughout this article we work with a fixed coefficient ring O, which is assumed 
to be topologically discrete (at least until Section|4]), for example O = Z/p k Z. With 
F as above let Foo/F be a Z p -extension. If F n C F^ is the unique subfield with 
[F n ■ F] — p n , we define 

r„ = Gal(F„/F) r = Gal(F 00 /F) A n = 0[T n ] A = 0[[r]], 

and denote by J the augmentation ideal of A. Let 7 s V be a topological generator 
and denote by z, the involution of A induced by 7 i— > 7 _1 . We will also view 1 as a 
functor M i-t M L from the category of A-modules to itself, where the underlying 
group of M L is the same as that of M but with A acting through A A A — !> 
Endo(M). 

In Section [T] we consider two objects S, T of Mods(C') which are assumed to 
be in Cartier duality: i.e. we assume that there exists a perfect O-bilinear, Gs- 
equi variant pairing S x T — > 0(1). For such objects we define generalized Selmer 
groups 

{F. Soo ) C lim H\F n ,S) Hi [F, T^) C lim ff 1 (F n , T) 

and show that there is a canonical (up to sign) height pairing 
Hj,(F,Soo) x H^FjToo) -> J I J 2 
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whose kernels on either side are the submodules of universal norms in the sense of 
Definition 11.31 

We continue to work in great generality in Section [5J using the construction 
of Section [T] to define derived height pairings similar to those of Bertolini and 
Darmon. A theorem of Rubin |14) . Thm. 1, relates the p-adic height pairing to 
the special values of the first derivatives of certain (cohomologically defined) p-adic 
L-functions, and we prove similar formulas relating the derived heights to special 
values of higher derivatives. 

In Section [3] we consider the special case where S and T arise from torsion points 
on an abelian variety with good, ordinary reduction at primes of F above p, and 
show that our Selmer groups agree with the usual ones (up to a controlled error). 

In Section |4] we continue to work with torsion points on an abelian variety A, 
and explain how degeneracies in the derived heights are reflected in the structure 
of the Selmer group of A over i 7 ^ as an Iwasawa module, generalizing work of 
Perrin-Riou [12] . 

The reader is encouraged to begin by reading the results of SectionlH in particular 
Theorems 14.21 and 1431 and Corollary 14.31 

1. Construction of the p-adic height pairing 

We wish to work with a very general notion of Selmer group, borrowing some 
notation and conventions from [5]. 

Definition 1.1. Suppose R is a coefficient ring and M is topological R- module 
equipped with a continuous i?-linear action of Gs . A Selmer structure, on M is 
a choice of _R-submodule 

H^(F v ,M)cH\F v ,M) 

for every v £ X. Given a Selmer structure, the associated Selmer module H^r(F, M) 
is defined to be the kernel of 

H\Gs,M) -»• (J) H 1 (F v ,M)/H]r(F v ,M). 
ties 

If we are given a Selmer structure J on M and a surjection M — > M', we 
obtain a Selmer structure on M' (still denoted F) by taking the local condition at 
any v £ X to be the image of 

H x r {F v ,M) -»• H\F V ,M'). 

If instead we are given an injection M' — > M then we define a Selmer structure 
on M' by taking the preimage of Hjr(F v , M) under 

H 1 {F V1 M') -> H 1 {F V1 M). 

We will refer to this as propagation of Selmer structures. 

If (T,vr) belongs to Mod s (C>), then induction from Gal(F E /F n ) to Gal(F E /F) 
defines a module (T n ,ir n ) in Mods(A„). Explicitly, 

T n = {/ : G E -> T | f(gx) = n(g)f(x) V 3 G Gal(f s /F„)}. 

Here G s acts by (ir n (g)f){x) = f(xg) and A„ acts by (jf){x) = n( : y)f(j~ 1 x) where 
7 is any lift of 7 S r„ to Gs . Define 

Too = limTn Ti w = limT n 
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where the direct limit is with respect to the natural inclusions (restriction) and 
the inverse limit is with respect to the norm operators in A„ (corestriction). Let 
ev : Too — > T be evaluation at the identity element of Gs- By Shapiro's lemma 
the composition 

is an isomorphism, and similarly we have 

H l {F,T lvj )=\\mH\F n ,T). 

An element A € A is said to be distinguished if A ^ mA, where m is the maximal 
ideal of O. 

Lemma 1.2. If g n is any sequence of elements of A which converges to zero and 
f G A is distinguished, then f \ g n for b>0. 

Proof. Identify A with a power series ring. The map taking A £ A to its remainder 
upon division by / is continuous, and so if we write g n — q n f + r n with degree of 
r n less than that of /, we have r n — ¥ with the r n running through a discrete set 
(recall O is assumed discrete). □ 

If we fix a topological generator 7 G T and let g n = 7 7 Ji* be the norm clement 
in A„ , the above lemma shows that m G M is divisible by every distinguished / G A 
if and only if m E g n M for every n. This motivates the following 

Definition 1.3. If M is a A-module, we say that m G M is a universal norm if 
m G fM for every distinguished / G A. 

We denote by Wtaut : Gs — >• T — > A x the tautological character, and let A{fc} 
denote the ring A, viewed as a module over itself, on which Gs acts through w^ aut . 
The unadorned symbol A is always interpreted as A{0}, i.e. with trivial Galois 
action. For any object M on which A and Gs act we let M{k} = M ®a A{fc}, 
and we regard the underlying A-modules of M and M{k} as being identified via 
m 1— > m <8) 1. 

Lemma 1.4. For f G T n and 7 G T n , set /i/(7) = ev(7~" 1 /) G T. The map 
f 1 — Y fJ'fil) ® 7 defines an isomorphism in Modj](A n ) 

T n ^T® A„{-1}. 

In the limit this defines an isomorphism Ti w = T <8>o A{ — 1}. 

Proof. This amounts to verifying the relations 

M7o/(7) = Vfilo 1 !) Mtt„( s )/(7) = t(0)(m/(uw(s)7)) 

which are elementary. □ 

Let K denote the ring obtained by localizing A at the prime generated by the 
maximal ideal of O, i.e. inverting all distinguished elements. Applying Lemma ll.2l 
one may easily check that K is noncanonically isomorphic to the ring of Laurent 
series with non-essential singularities in one variable over O. Define P (the module 
of poles) by exactness of the sequence 



O^A^A'^P^O. 
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For any T in Mods(O) we tensor the above sequence (over A) with T\ w to obtain 

-> Tiw -> T K ->• T P -> 0. 

By Lemma 11.41 there are canonical identifications of A-modules and Cg-modules 
Oi w S A{-1}, Oa- = and O p S P{-1}. 

Lemma 1.5. ^4 choice of topological generator ofT determines an isomorphism 

Tp = Too. 

If the map associated to the generator 7 is denoted ry 7 and u G Z* £/ien ?y 7 « = u-rjj. 

Proof. The map ?y 7 is described as follows. Any element of Tp[y p — 1] may be 
written as r (g) (7 P " — 1) _1 with r € Tj w . Such an element is sent by ?y 7 to the image 
of r in T n = Too [7 P — 1] ■ The relation between ?7 7 and fy 7 « follows from 

l__= u (mod( 7 p -1A). 
jP — 1 

□ 

Lemma 1.6. Suppose e : S xT — s- 0(1) is an O-bilinear, G-^-equivariant, perfect 
pairing of objects in Mods(O). There is an induced Gs-equivariant and perfect 
pairing 

Sn '■ S n X T n — > A n (l) 

which satisfies 

e n (Xs,t) = Xe n (s,t) = e„(s, A't). 

One may pass to the limit and then tensor with K to obtain perfect pairings 

ei w : Si w x Ti„ -> A(l) e K :S K xT K -> tf(l). 

If S — T and the pairing on S x T is symmetric (resp. alternating) then the 
induced pairings satisfy e,(s,i) = e,(t, s)' (resp. e»(s,t) — —e,(t,s) L ). 

Proof. Using the identifications of Lemma ll .41 the pairing is defined by e n (s,t) — 
Z) 7 er n MlO ® 7 where ^(7) = J2xer n e(^i s (x), ^ t (x7 -1 )). It is elementary to check 
that the stated properties hold. □ 

Lemma 1.7. Let T be an object of Mods(C'), and let v be a prime of F not 
dividing p. The map 

H um {F v ,T K ) -> H^ nl (F v ,T P ) 
is surjective. If v is finitely decomposed in Foo, then H^ nr (F v ,Tp) = 0. 

Proof. Let 1 C Gal(F v /F v ) be the inertia group of v. Since T K — T ® Zp K{-1} 
and the restriction of wtaut to 1 is trivial, {T K ) X — T x ® K. Similarly, (T P ) X = 
T 1 <g> P, and so (T K ) X surjects onto (T P ) X . Using the fact that Gal(F^ m ) F v ) has 
cohomological dimension one we deduce that the map 

H^F^/F^TKf) -> H 1 (F" nr / F v , {T P ) X ) 

is surjective, proving the first claim. 

If v is finitely decomposed in Foo, then Lemma 11.51 and Shapiro's lemma allow 
us to identify 

-H\mi:(Fv,Tp) = H unr (F v ,Too) = H unr (F 00tW , T) 
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where the sum is over places of Foo above v. The pro-p-part of Gal(F^ nr /Foo,tu) is 
trivial, and so the right hand side is zero. □ 

The construction of the pairing of the following theorem, as well as the verifi- 
cation of its properties, is a modification of the construction of the Cassels-Tate 
pairing as described in [6]. 

Theorem 1.8. Suppose S and T are objects in Mods(O) and that there is a 
perfect G^-equivariant pairing S x T —5- 0{\). Suppose further that we are given 
Selmer structures T and Q on Sk and Tk, respectively, which are everywhere exact 
orthogonal complements under the pairing 

S K xT K -> K(l). 

Then there is a canonical pairing 

[, }:H 1 r(F,S P )xH 1 g (F,Tp) -> P 

whose kernels on the left and right are the images of H^(F, Sk) and Hg(F, Tk), and 
these images are exactly the submodules of universal norms. This pairing satisfies 
[As, t] — X[s, t] = [s, X L t] . If S = T, J- = Q, and the pairing on T x T is symmetric 
(resp. alternating) then we also have [s,t] — [t,s] L (resp. [s,t] = — [t, s] 1 "). 

Proof. Given cocycles s and t representing classes in Hjr(F,Sp) and Hg(F,Tp), 
respectively, choose cochains 

sgC^G^Sk) ieC l {G^T K ) 

whose images under the maps induced by Sk Sp and Tk — > Tp are s and t. 
By the definition of propagation of Selmer structures, there are exact sequences 

(1) H^{F v ,S lw ) -> H)t(F v ,Sk) -> H^{F V ,S P ) -> 

H g (F v ,T lw ) -»• H g {F v ,T K ) -> Hg(F v ,T P ) -> 
at every v £ E, and so we may choose semi- local classes 

S s e H]r(F v , S K ) h 6 Hi (F v , T K ) 

which reduce to the semi-localizations 

locs(s) € ($)H^(F V ,S P ) Ioc E (t) G 0^(F„,T P ). 

From the fact that s and t are cocycles it follows that the image of ds U dt in 
C 4 (Ge, -P(l)) is trivial, and so also are the images of d(dsUt) — dsUdt = d(sUdt). 
Using P 3 (G S , P(l)) — we may therefore choose e , ei e C 2 (Gs, P(l)) such that 

deo = ds U i dei = s U 

in Z 3 (G S ,P(1)). Writing inv s : 0„ eS ff 2 (F„,P(l)) -> P for the sum of the local 
invariants, we now define 

(2) [s,t] = inv s (loc E (s) U i s - loc s (e )) = -inv s (s s U loc s (f) + loc s (ei)) 

where the second equality follows from (locs(s) — se) U (locs(f) — is) = in 
0„ eE H 1 (F V , P(l)) and the reciprocity law of class field theory. It is elementary 
to check that this is independent of the choices made (or see Flach's paper for 
essentially the same calculations). Furthermore, it is clear from the construction 
that the kernels on either side contain the images of H^(F, Sk) and Hg(F, Tk)- 
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For a A-module M, we write M v = Hoiiia(M', P). If M is a topological group 
on which Ge acts continuously wc define 

W i {F,M) = ker(H i (G j: ,M) -> J] P ! (P„, M)). 

The Poitou-Tate nine-term exact sequence provides a perfect pairing 

III 2 (F,5i w ) x m\F,T P ) -> P 
which defines the right vertical arrow in the exact and commutative diagram 

H^(F, S P )° /K H^(F, Sp) /k IH 2 (P, Si w ) 



hi (f T P y in 1 (f T P y. 

Here H^(F,S P )° denotes H^(F,S P ) intersected with the image of if 1 (P, Sir) in 
Sp) and the subscript jK indicates quotient by the image of H^F, Sk) in 
Hjr(F, Sp). The top row is extracted from the cohomology of 

-> Si w -> S* K 5 P -> 

using exactness of (J}. 

The left vertical arrow is induced by the pairing of the theorem, and a dia- 
gram chase shows that to check injectivity of this arrow it suffices to show that 
H^{F,S P f /K injects into P<t(P,T P ) v . In other words, if s G P>(P,S>) is in the 
kernel on the left then we are free to assume that s is chosen to be a cocycle and 
that eo = 0. Then we have invs(locs(s) U<s) = for every G ©„ eS Hg(F v ,Tj{) 
whose image in (& ve -£ Hg(F v ,Tp) comes from a global t G Hg{F,Tp). Denote 
by c the image of locs(s) in ©„££ H 1 (F V , Sk)/ H^(F v , Sk)- It follows from the 
exactness of ([1]) that there is a class 

d G H\F V , S lw )/H^{F V , Si w ) 

whose image in 0„ eS H 1 (F V , Sk)/Hjt(F v , Sk) is equal to c. Then 

inv s (d U locr(f)) = inv s (cUt s ) 

= invs(loc s (s) U*e) 
= 

in P for every t G Hg(F,Tp). It follows from Poitou-Tate global duality that d is 
the image of a global class S G H 1 (G^, Siw), and that s — <5 G Hjr(F, Sk) reduces 
to s G H^r(F, Sp). This and a similar argument with the roles of S and T reversed 
show that the kernels on the left and right are contained in the images of 

H^(FSk) -+ H^iFSp) H g (FT K ) H X g{F : T P ) 

respectively. The image of Hjr(F, Sk) is clearly contained in the universal norms 
which are clearly contained in the left kernel, and similarly for T, and so the kernels 
on either sides are exactly the universal norms. 

The final claim regarding the case S = T follows from the two descriptions of 
the pairing in @ and the skew-symmetry of the cup product. Details can be found 
in Flach's paper. □ 
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Lemma 1.9. Let 

Oooil} = limO„{l} = lmiA„{0}, 

so that 0oo{l} is just with Gs acting trivially. For any A-module of finite 
type, A, the map ev : Ooojl} — > O induces a canonical isomorphism in Modj](0) 

Hom A (A, Oooil}) = Hom (A, O). 

Proof. This is a special case of Frobenius reciprocity. The inverse map may be 
described explicitly as follows: for <\> G Homo (A, O) we must have 4>((l p ~ 1)^) = 
for n 3> 0, by discreteness of O and continuity of (/). Taking n very large we then 
define $ G Hom A (A, O n {l}) by $(a)(. 9 ) = <f>(uj taut (g ) • a) for g G G s . □ 

Keep the assumptions of Theorem 11.81 Fixing a topological generator 7 of F, 
the isomorphisms ?7 7 of Lemma 11.51 determine Selmer structures, still denoted by J- 
and 0, on and Too, and these Selmer structures do not depend on the choice of 
7. The composition 

(3) P = Op{1} ^ Ooo{l} ^ O 



allows us to construct from the pairing of Theorem 11.81 a pairing 

/i 7 : H^Soo) x Hg^Too) -> O 

whose kernel (by Lemma ll.9|) on either side is exactly the submodule of universal 
norms. 

Lemma 1.10. The above pairing satisfies 

(a) /i 7 (As,t) = /i 7 (s, X L t) 

(b) for u G Zp , /i 7 u (s, t) = u^ 1 h 1 (s, t) 

(c) if S = T , J- = Q , and the pairing S x T — > 0(1) is symmetric (resp. 
alternating) then /i 7 zs alternating (resp. symmetric). 

Proof. Let <\> 1 : P — > O be the composition so that 

/i 7 (s,t) = 7 ([7 ?7 1 (s),r ?7 1 (t)]). 

The first equality is then immediate from the corresponding property of the pairing 
[ , ]. For the second property, we compute 

Mm) = Mfo^WC*)]) = ""'Mfo^W'^H*)]) 

and so it suffices to check 7 u = u<^> 7 , which is clear from the definition. For the 
third property we must show that </>(p l ) = — 4>(p) for p G P. If we write p = jP 'n'_ 1 
for some integer n > and A G A, then 

A \ L -A 1 



7 p" _ 1 J 7 p" _ 1 

in P, and so under the isomorphism P 0oo{l} = limA n the action of t on P 
becomes minus the natural action of 1 on limA„. For A G A„, ev(A l ) = ev(A) and 
the claim follows. □ 

Part (b) of the Lemma implies that the pairing of the following theorem is well 
defined. 



8 



BENJAMIN HOWARD 



Theorem 1.11. Keep the assumptions of Theorem \1.8\ and let J C A be the aug- 
mentation ideal. There is a canonical pairing 

h : H^Sco) x JT^F.Too) -> J/ J 2 

defined by h(s,t) = /i 7 (s, t)(7 — 1) where 7 is any topological generator of T . TTws 
pairing satisfies h(Xs,t) = h(s,X L t) and the kernels on either side are exactly the 
universal norms. If S — T , J- — Q, and the pairing T x T — > 0(1) is symmetric 
(resp. alternating) then h is alternating (resp. symmetric). 

Proof. All of the claims follow easily from Lemmas II .91 and l l. 101 and the properties 
of the pairing of Theorem 11.81 □ 

Remark 1.12. Keeping the notation of the thoerem, suppose L is a subfield of F 
with F x /L Galois, and assume that the action of Gf on S and T extends to an 
action of Gl- Then for • = Iw, P, K, or 00, the action of A on H 1 (F, S,) extends 
to an action of Al = 0[[Gal(Foo/L)]]. Similarly for every place v of L the action 
of A on the semi-localization 

@H\F W ,S.) 

w\v 

extends to an action of A^. If we assume that the local conditions T and Q are 
stable under the action of A^, then A^ acts on the associated Selmer groups. The 
action of Gal(F/L) on F determines a character 

uj : Gal(F/L) -> Z p x 

by c^cr- 1 = 7"^) for every a e Gal^/i) and 7 £ T. Then for a e Gal^/L) 
it can be shown that h(s a ,t a ) = uj(a) ■ h(s,t). 

2. DERIVED HEIGHTS AND DERIVATIVES OF L-FUNCTIONS 

Throughout this section we work with fixed objects S and T of Mods(O), and 
assume that these modules are in Cartier duality. Let F and Q be Selmer structures 
on Sk and Tk, respectively, which are everywhere exact orthogonal complements 
under the pairing of Lemma 11.61 and let 

h : H^(F, Soo) x Hg(F, T^) -> J/ J 2 

be the height pairing of Theorem 11.111 We abbreviate 

Y s = H^{F, Soo) Y T = Hl{F, T x ). 

Let Y = Y s or Y T . For any r > 1 set S r (Y) = Y[J r ]/Y[J r ~ 1 ]. A choice of 
topological generator 7 e T determines an injection 

r , 7 : 8 r {Y) -> Y[J] 

given by 4> rn (y) = (7 — l) r_1 y, and we denote its image by Y^ C Y[J\. This 
image is independent of the choice of 7 and defines a decreasing filtration 

... c y(3) c y(2) cF (i) = y[j]. 

The intersection ClF^ consists of the elements of Y[J] which are universal norms 
inF. 
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Remark 2.1. We define a Selmer structure on S by propagating T through the 
natural inclusion S — > Soc, and again denote this by T . This inclusion induces a 
surjective map 

H^(F t S) -> Y S [J] 

whose kernel is bounded (by the inflation-restriction sequence) by the order of the 
group H 1 (F 00 /F,H°(F 00 ,S)). Similar remarks hold for T. 

Definition 2.2. We define the r th derived height 

: Fj r) x Y± r) -> J''/ J r+1 

by the composition 

yW x yW «y r (r s ) x yW ^> j/j 2 j''/,/^ 1 . 

It is easily checked that this is independent of the choice of 7. Note that is 
nothing more than the restriction of h to Y$ [J] x Yy [J] . 

If S 1 = T and J- = Q, then for any x,y £ Yg, 

(r) _ f (-l) r /iW(y,x) if e symmetric 
1 \ (-l) r+1 /iW(y,x)) if e alternating. 

The following lemma implies that the kernels of on the left and right are Yg T+1 ' 
and Yp , respectively. 

Lemma 2.3. If Xq,X± € A are distinguished then the kernels on the left and right 
of the restriction of h to Ys[Xq] x Yt[Ai] are the images of 

Y S [X X[] ^> Y S [X ] Y t [XqXi\ ^ Y T [Xi] 

respectively. 

Proof. Let Zg and Zt be the quotients of Yg and Yt by the submodulcs of universal 
norms. The natural map 

Ys[Ao]/AiY s [AiA ] -> Zg[Ao]/Ai-Zg[AiA ] -> Zg/A^Zg 
is an injection, and the height pairing defines an injection 

Zs/X\Zs = Hom(^T[Ai], J/J 2 ) -> Hom(Y T [A 1 ], J/ J 2 ). 
This shows that 

Y s [A Ai] % Y S [X ] -»• Hom(Y T [Ai], J/J 2 ) 

is exact. The kernel on the right is computed similarly. □ 

The pairing ei w of Lemma 11.61 induces a perfect pairing 

e P : S Iw xT P -»• P(l). 

The identification Tp = of Lemma 1 1.51 and the map ([3]), both of which depend 
on a choice of topological generator, induce a perfect pairing 

eoo : S lw ^ 0(1) 

which does not depend on the choice of generator. If one views SW as the space 
of S-valued measures on T, and as the spaces of locally constant T-valued 
functions on F, then this pairing is integration. Using Lemma [TT^l it can be checked 
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that the local conditions T and Q on 5W and are everwhere exact orthogonal 
complements under the local Tate pairing 

induced by eoo. 

Denote by J 7 ™ 1 the Selmer structure on 5i w whose local conditions at places of 
F not dividing p are the same as those of J 7 , but with no condition imposed at 
primes above p. At any place v of F we denote 

Hjjr(F v , Si w ) = H (F v ,Si w )/Hjr(F v ,Si w ), 

and we let 

Hl(F p , )=@Hl(F v , ) 

v\p 

denote the semi-local cohomology at p, where • is either J 7 or /J 7 . Using the fact 
that the local condition T on S\ w is propagated from a local condition on Sk, it 
is easy to see that Hj^Fy, Sj w )[f] = for any place v of F and any distinguished 

/ e A. 

For the motivation behind the following definition, see [13], [14], or [15] . 
Definition 2.4. For any element 

z = {z n } G limH> rcl (F, S n ) £ H^ rel (F, S lw ) 

define the p-adic L-function of z, C z , to be the image of z in 

ff/VO^, ftw) = Hom(iLi(L p , Too), O). 

Define the order of vanishing of C z , ord(£ z ), to be the largest power of J by 
which C z is divisible in Hjjr(F p , Si w ). Equivalently, ord(£ 2 ) is the largest integer 
r such that 

L z [Hl{F p ,T 00 )[J r ]) = Q. 

For any topological generator 7 G T and any r < ord(£ z ) we define Der^(£ 2 ) to 
be the preimage of C z under the injection 

Hjjr(F p , 5l w ) — ^ Hjjr(F pi 5i w ). 

Define 

: HliF^T^) -> J7J r+1 

by >Ci r '(c) = Der!^(£ z )(c) • (7 — l) r . Then £i r ' 1 is independent of the choice of 7. 

The restriction of £^ to Hg{F p , T oc )[J] should be thought of as the "special value" 

of the r th derivative of C z , and we denote it by A* . 

The following is a higher derivative version of Theorem 1 of [2] . Note that the 
theorem asserts that a local divisibility (of the p-adic L-function C z by a power of 
J) implies a global divisibility (of zo by a power of J). 

Theorem 2.5. ifeep notation as above, withr < ord(£ z ), and propagate the Selmer 
structure J 7 to S via Si w — > S . This is equal to the Selmer structure obtained by 
propagation through S —¥ Soo. Then 

(a) Ai 0) =0 if and only if z G H^(F, S), 

(b) Az — if and only if r < ord(£ z ) ; 
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(c) suppose < r < ord(C z ), then zq £ Y^ and for any c G Y^ 

h^(z ,c) = \P(c p ), 
where c p is the image of c in HA(.Fp, Too). 

Proof. Fix a topological generator 7 G Y. We have X z °^ — if and only if £ z is 
divisible by J. The first claim now follows from exactness of 

Hjjr(F p , 5iw) — — > Hj- F (Fp, S\ w ) — > Hjjr(F p , S). 

For the second, r < ord(£ z ) if and only if Der 7 (£ z ) is divisible by 7 — 1 in 
Hj :F (Fp, S'lw), and this is equivalent, by local duality, to Der 7 (£ z ) vanishing on the 
J-torsion in H g (F, Too). 

For the third claim, first suppose zq G Yg r ^ and fix c G . Let z G ff^ rc , (F, Sk) 
be defined by z = z eg) (7 — l)~ r and let y denote the image of z in H^ rel (F, Sp). 
Under the map 

of Lemma 11.51 (7 — l) r ~ 1 y maps to zq. Since we are assuming that zq G Yg and 
c G Y^ r \ we may choose s G Hjr(F, Sp) and d G Hg{F, Tp) which satisfy 

( 7 - iy-\(s) = z (7" 1 - i) p - 1 »h(d) = c - 

We have (7 — l) r_1 ry 7 (s — y) = 0, and so 

&< p >(zo, c) = ( 7 -l) r - 1 ^(^( S ),c) 

= (7-ir- i -% 7 (t / ),c). 

Unraveling the definition of /i, we find 

ft(^(y),c) = (7 - l) • <M[y, (7- 1 - ly-'d]) 

where </> 7 is the composition ([3]) and [ , ] is the pairing of Theorem 11.81 Choose a 
lift, dp, of loCp(d) to Hg(F p ,TK), and let c p = (7^ — l) r_1 c?p. We now have 

^ 7 ([y,( 7 - 1 -lf- 1 d]) = ( /» 7 (inv p (( 7 -ir- 1 yuJ p )) 
= 7 (inv p (z U (7 _1 - l)~ r c p )) 
= Der;(A)(cp). 

Combining all of this gives 

fcM(*b,c) = (7 - l) r • Der 7 (£ z )(c p ) - A«(c p ). 

We now show by induction on r that zo G Y^ for 1 < r < ord(£ z ). The 
case r = 1 follows from parts (a) and (b): since < ord(£ z ) we must have zq G 
Hjr(F, Soo)[J]. For the inductive step, if zq G Y^f ^ then we have shown that 

h^- 1 \z ,c) = X^(c p ) 

for every c G Y^ r , But since r — 1 < ord(£ z ), part (b) of the proposition implies 
that X z r (cp) = and wc conclude that zq is in the kernel on the left of /i^ -1 ). 

(r) 

This kernel is exactly Yg , and the claim is proven. □ 
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3. Selmer groups of ordinary abelian varieties 

Let A be an abelian variety defined over F and let A v be the dual abelian variety. 
We assume throughout that A has good ordinary reduction at all primes of F above 
p, and that the primes of bad reduction are finitely decomposed in F^. Assume 
further that p does not ramify in F, but that all primes of F above p do ramify in 
Foo- We wish to prove the following: for each power p k of p there are generalized 
Selmer groups 

H$ : (F O0 ,A]jf]) C H^F^A^]) H^(F 00 ,A v \p k }) c H 1 (F 00 ,A v \p k ]) 

such that the inclusion A[p k ] induces a map of A-modules 

Hjr(Foo, A\p k ]) -> Sdp-^/Foo)^*] 

whose kernel and cokernel are finite and bounded as k varies (and similarly for A w ), 
where Se\ p ^(A/F 00 ) is the usual p-power Selmer group associated to A. These 
generalized Selmer groups are of the type described in Section [TJ and so there is a 
height pairing 

^^X^l/Dx^vf^,^!/]) -> J k /J 2 k 

where Jk denotes the augmentation ideal of (Z/p fc Z)[[r]], and this pairing enjoys 
all the properties of that of Theorem 11.111 

For every place of F, fix once and for all an extension to F. At any place v of F 
above p and for any k we let Fil„.A[p fe ] be the kernel of the reduction map 

A(F v )[p k ] -». A[p k ] 

where A is the reduction of A at v. Define Fil„^4 v [p fe ] similarly. Define gr^-A^] by 
exactness of 

(4) -> Fil v A[p k ] -> A(F v )[p k ] -»• gr v A\p k ] -»• 

and similarly for A v . The reduction map on p fc -torsion is surjective, and so 
gv v A[p k ]^A[p k \. 

Lemma 3.1. The submodules ¥\\ v A[p k ] and ¥\\ v A y [p k ] are exact orthogonal com- 
plements under the Weil pairing. 

Proof. The assumption that A has ordinary reduction ensures that FiLjA[p fe ] and 
FiLjj4 v [p fe ] have exact order p kg , where g = dini(A). As modules for the inertia 
group I v of v, each is isomorphic to a product of copies of fj, p k, and there are 
nonontrivial T v invariant pairings ji g ph x — > p p k . □ 

We set O = Z/p k Z, S = A[p k ], and T = A y [p k ] and use the notation of the first 
section. Shapiro's lemma and Lemma 11.51 allow us to identify 

(5) H 1 {F 00 ,A\p k }) ^H^FSoc) *H l (F,Sp). 

For • = Iw, K, P, or oo, and any place v of F above p, the submodule Files' C S 
induces a submodule Files', C S, in an obvious way, and similarly with S replaced 
by T or with Fi\ v replaced by gr^. 

Following Coates and Greenberg [3], we make the 

Definition 3.2. We define a Selmer structure, F, on Sk by setting 

o-i/p c \ _ / H Lt( F v,S K ) HvJ(p 
a^ v ,o K) - | image (#i ( ^ ;Fil ^) -> H l (F v ,S K )) ifv\p 
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and define J rV on Tk similarly. 

The local conditions T and J rV are everywhere exact orthogonal complements 
under the local Tate pairing induced by the Weil pairing and Lemma H .61 We use 
the Selmer group H^(F, Sp) and the identification §5§ to define a Selmer group 
H^Foa, A[p k ]), and make the definition for A v similarly. 

We must compare these generalized Selmer groups with the usual definitions. 
Let 

FihS = lim(FihS' 00 ) S = lirn<S' 00 

where the limits are over k. Shapiro's lemma identifies H 1 (F, S) = H 1 (F oc , A[p°°]) 
and for any place v of F 

H 1 (F v ,S)-\im^H 1 (F^ w ,A[p oc }) 

w 

where the sum is over places w of F n lying above v. 

Definition 3.3. Define the ordinary Selmer structure on S[p k ] by 

n 1 (j? qr*An _ / H Lx( F v^\p k ]) else 
ordl [P l> ~\ image^ 1 ^, Fi\ v S[p k }) -y H\F V , S[p k })) if v \ p 

and let H^(F, S) = limH^F, S\p k ]). 

Proposition 3.4. The isomorphism H 1 (F,S) = H 1 (F 00 , A\p°°]) identifies 

iI 1 rd (F,S)-Sel p »(A/F 00 ). 

Proof. Let £ be the set of primes of F containing all archimedean primes, primes 
above p, and primes at which A has bad reduction, and let i<£ be the maximal 
extension of F unramified outside S. Then both Selmer groups are defined as the 
subgroup of H 1 (Fs/F 00 , A\p°°]) of elements which are locally trivial at every v G £ 
not dividing p (this follows from Lemma [L~7l and Proposition 1.6.8 of [16]), and are 
in the kernel of reduction 

H^F^^Aip™}) -> H^F^^Alp™}) 

at places above p. This description of the image of the Kummer map for w \ p can 
be found in [I], in particular Proposition 4.3. □ 

Proposition 3.5. There are natural maps 

H^F^A^]) -> Hi d (F,S\p k ]) -> S)[p*] 

whose kernels and cokernels are finite and bounded as k varies. 

Proof. For the first arrow, let S = A[p k ], O = Z/p k Z, and recall the identifications 
S[p k ] = Soo = Sp. The first arrow becomes the inclusion 

(6) H 1 r(F,Sp)cHi d (F,S P ). 

The local conditions defining both Selmer groups are unramified (using Lemma 1 1.71 
for J 7 ) away from p. Above p, the local condition Hjr(F v ,Sp) is defined as the 
image of the composition 

H^F^FUvSk) -)■ H^F^FtivSp) -)■ H^F^Sp), 
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while the ordinary local condition is defined as the image of the second arrow. It 
follows that we have injections 

Hl d (F,S P )/H 1 r(F,S P ) -> ^H 1 (F vl Fi\ v S P )/H 1 (F v ,Fil v S K ) 

V 
V 

where the sums are over the primes v of F above p. By local duality and Shapiro's 
lemma the order of H 2 (F V , Fil„S'i w ) is bounded by 

©i^g^) = ®i v Wb1 

V w\p 

where T = A v [p k ], the second sum is over all primes of Fqo above p, L w denotes the 
residue field of i 7 ^ at w, and A v is the reduction of A v at w. This group is finite 
and bounded as k varies, by the assumption that all primes of F above p ramify in 

To control the kernel and cokernel of 

(7) Hl ld (F,S\p k }) -> HUm\p k ] 
we use the exact sequence 

A(F 00 )\p° }/p k A(F 00 )\p°°} -> H^Stf 1 ]) ff^F.S)^] -> 

The kernel of ([7]) is bounded by the order of A(F 00 )[p°°] modulo its maximal di- 
visible subgroup. By the snake lemma, to bound the cokernel of (J7J it suffices to 
bound the kernel of 

©ff^s^D/iCdO^sip*]) -> ©^(^.sj/fl-^.s) 

and we compute this kernel term by term in three cases. 

Suppose first that v does not divide p, and that A has good reduction at v. Then 
the kernel of 

(8) H^F^Sip^/HUF^S^]) -+ i? 1 (-Fi , S) / H* rd (F V ,S) 
injects into the kernel of H 1 (F^ nl , S[p k }) -> H 1 (F^ nl , S) which is 

H°{F™ T , S)/p k H°{F* nI , S) S S//S = 0. 

If u does not divide p and A has bad reduction at v, then our assumption that v is 
finitely decomposed in Foo implies that 

Hi d (F v ,S) = H 1 OTd (F v ,S[p k })=0 

by Lemma 1 1.71 and so we must bound the kernel of the map 

H^Stf 1 ]) -> H^F^S). 

This kernel is H a (F v , S)/p k H°(F v , S) which has order bounded by the size of the 
quotient of A(F QO , w )[p°°] by its maximal divisible subgroup, where the sum is 
over primes w of i 7 ^ above v. 

Lastly, if v \ p it suffices to bound the kernel of 
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This kernel is controlled by the order of 

H°(F v ,gr v S) = ($A(L w )[p°°} 

w 

modulo its maximal divisible subgroup, where the sum is over primes of above 
p, L w is the residue field F^, at w, and A is the reduction of A at v. □ 

4. Semi-simplicity of Iwasawa modules 

We now set A = Z p [[Gal(i 7 ' 00 /i ;l )]], let J be the augmentation ideal of A, and 
denote by /„ C A the kernel of the natural projection A — > Z p [Ga\(F n / F)], so 
that Jo = J. Keep A/p as in the preceeding section, so that A has good ordinary 
reduction at all primes of F above p, the primes of bad reduction are finitely 
decomposed in F^, p does not ramify in F, and all primes of F above p do ramify 
in F x . 

Let Y k = Hjr(F ODl A[p k }) be the generalized Selmer group of Section [3l and set 
Y k (F n ) = Y k [I n ] . We denote by 

...erf cyfey' 1 ^^) 

the filtration of Section [2] The surjection A[p fe+1 ] A A[p k ] induces a map — > 

(r) 

Y k v \ and we define 

Y&> = lim Y k ir) Y x (F n ) = lim Y k (F n ) 

so that defines a decreasing filtration of Y QO (F). Set 

Y = Sel p ^(A/F 00 ) X = Hom Zp (r,Q P /Z p ). 

These are cofinitely and finitely generated A-modules, respectively. By Propositions 
13.41 and 13.51 we have canonical maps Y k — > Y[p k ] with kernel and cokernel finite 
and bounded as k varies, and these induce maps 

y« ^Y k [J r ]/Y k [J r - 1 ] -». (Y[J r }/Y[J r - x ])\p k ] 

whose kernels and cokernels are again finite and bounded as k varies. The Z p - 
module y[J r ]/y[J r_1 ] is cofinitely generated, and so 

(9) rank(yM) = rank (lim(Y[J r ]/Y[J r - x ])\p k ]\ 

= corank(F[J , ']/y[J r " 1 ]) 
= v&vk{J r - l X/J r X). 

Lemma 4.1. Define S P (A/F n ) = hmSel p fe(A/i 7 '„). There is a canonical isomor- 
phism 

Yoo{F n ) ® Q P 4 S P (A/F n ) ® Q p , 

Furthermore this isomorphism is semi-integral in the sense that there are integers 
to,tx, independent ofn, such that p t °j(Y oc (F n )) is contained the lattice generated by 
S P (A/F n ), and p* 1 j^ 1 (S P (A/ F n )) is contained in the lattice generated by Y QO (F n ). 

Proof. We have maps 

Y k {F n ) -> SeLj-GA/FooMJ,, +/A] <- Sel p = {A/F n )\p k ] 
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whose kernels and cokernels are finite and bounded as both k and n vary (the 
second arrow by Mazur's control theorem [8]), and so taking the inverse limit in k 
and tensoring with Q p we obtain a semi-integral isomorphism 

(10) Foo(F n ) ® Q p = (lim Sel p oo (A/F n )[p k \) ® Q p . 
For every k there is a canonical surjection 

(11) Se\ pk {A/F n ) -> Sel p »(^ n )[p fe ] 

and these maps are compatible, in the obvious sense, as k varies. As k varies the 
kernels are uniformly bounded by the order of the finite group A (F n ) [p °° ], and so 
passing to the inverse limit over k and tensoring with Q p , we see that the right 
hand side of (fTU|) is isomorphic to S P (A/F n ) ® Q p . Surjectivity of (fTTjl implies 
that this isomorphism identifies the lattices generated by lim Se\ p ™ (A/ F n )[p k ] and 

S P (A/F n ). a 

The subspace of S P (A/F) ® Q p generated by the image of Yx> under the iso- 
morphism 

(12) F 0o (F)®Q p -»• S P (A/F)®Q P 

will be denoted S ( p r) {A/F), and we set S^iA/F) = n r S ( p r) (A/ F). Let W r be the 
one-dimensional Q p -vector space 

W r = (J r /J r+1 ) ® Qp. 

The derived height pairings of Section [2] are compatible as k varies, and passage to 
the limit yields the pairing of the following theorem. 

Theorem 4.2. There is a filtration 

. . . C S^(A/F) c S^(A/F) c SM(A/F) = S P (A/F) ® Q p 

such that dimq p S p r \A/F) = rank( J r ~ 1 X/ J r X) (and similarly for A v ), and a 
sequence of pairings 

: S { p r) (A/F) x S( r) (A v /F) -> W r 

such that the kernel on the left (resp. right) is S p x+1 \A/ F) (resp. S p r+1 \A' V / F)). 

The subspace S p °°\A/F) is the subspace of universal norms in the usual sense. 
That is, Sp (A/ F) is the subspace generated by the intersection over n of the 
image of corestriction S p (A/F n ) —¥ S p (A/F). Furthermore, if <f> : A — » A v is a 
polarization then hy 1 satisfies 

h( r \a,<l>(b)) = (-iy +1 h^(b,<i>(a)) 

for all a,b£ S { p r) {A/F). 

Proof. All of the claims are immediate from the corresponding properties of the 
derived heights over discrete coefficient rings, together with the equality ©, except 
for the characterization of S p °°\a/ F). Suppose x £ S p °°\a/ F). Then for some 
integer t there is a y S Yoo(F), contained in yjo for every r, such that y maps to p t x 
under lfT2"j) . Fix a topological generator 7 £ T and set g n = 7 ^_~ 1 6 A. If y^ denotes 
the image of y in Yk(F), we claim that yk is in the image of g n : Yk(F n ) — » Yk{F) 
for every n. Indeed, yk £ (7 — l) r Yk for every r, and it follows from Lemma |L"21 
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that yk is a universal norm (in the sense of Definition II .3|l in Yk- In particular yk is 
divisible by every g n . Passing to the limit, we must have that y is in the image of 
9n ■ Yoo (F n ) -> Y oa (F) for every tz, say y — (Ju^n- 

If t is as in Lemma 14.11 then 
the image of p to z n in S P (A/F n ) <E) Q p is integral and corestricts to p t+t °x. Hence 
p t+t °x is a universal norm. The opposite implication is entirely similar. □ 

By the structure theorem for finitely-generated Iwasawa modules, we may fix a 
pseudo-isomorphism of A-modulcs 

X ~ A e °° © M © M' 

such that M' is a torsion A-module with characteristic ideal prime to J, and M 
has the form 

M = (A/J) ei © (A/ J 2 ) 62 © . . . . 
The first statement of the following is due to Perrin-Riou [T2"] . 

Corollary 4.3. The integers satisfy the following properties: 

(a) ifte height pairing is nondegenerate if and only if a — for 1 < i < oo, 

(b) e 00 = dim Qp 4 oo) (A/ J F) } 

(c) e r = dim Qp (S p r \A/ F)/ S p r+1 \A/ F)), 

(d) e r = (mod 2) when r is even. 

Proof. By Theorem 14.21 we have the equality 

dim Qp SW(A/F) = rank Zp (J r - 1 X/J r X) = e r + e r+1 + e r+2 + • • • + eoo 

which proves all but the final claim. A choice of polarization of A determines an 
isomorphism 

S^\A/F) £ S^iA^/F) 

and the induced height pairing on S p r \A/ F) is alternating when r is even, by 
the last part of Theorem This implies that S^ r) (A/F)/S^ r+1) (A/F) is even 
dimensional. □ 

In the case where F^ is the cylotomic Z p -extension, it is conjectured that h^ 
is nondegenerate. When F = Q and A is modular it is known by the work of Kato 
that eoo = (i.e. AT is a torsion module), but it is not known that a = for i > 1. 

Now suppose that F is a quadratic imaginary field, i 7 ^ is the anticyclotomic 
Zp-extension, and A = E Xq F for some elliptic curve E/q satisfying the "Heegner 
hypothesis" that all primes of bad reduction are split in F (which, in particular, 
implies our hypothesis that the primes of bad reduction of A are finitely decomposed 
in Foo). In this situation it is known by the work of Bcrtolini [2] and Cornut [S] 
that eoo = 1, hence is degenerate for every r. The next best thing one could 
hope for is that S p 2) {A/F) is one dimensional, hence equal to S p °°^ (A/F), but this 
is still too optimistic. By Remark 1 1.1 21 ftW satisfies 

hW(x%y r ) = -hW(x,y), 

where r is complex conjugation. This forces the plus and minus eigencomponents 
of S p 1 \A/F) under r to be self-orthogonal, and so if 

S + = dim Qp S^(A/F )+ s- - dim Qp S^(A/F)-, 

the kernel of has dimension at least \s + — s~|. 
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Conjecture 4.4. (Bertolini-Darmon, Mazur) In the situation above, the dimension 
of Sp 2 \A/ F) is \s + — s~\, and the dimension of S^\A/F) is 1. 

Assuming the conjecture, Corollary 14.31 implies that e 2 = |s + — s~\ — 1. Mazur's 
control theorem gives 

s+ + s- = dim Qp S p 1] {A/F) = l + e x +e 2 

and so 

X ~ A © (A/J) ei © (A/ J 2 ) 62 © M' 

with ei = 2min{s + , s~} and M' having characteristic ideal prime to J. 

Returning to the general case, we wish to reformulate Theorem l2.5l in the present 
setting. This is merely an exercise in passing from results on A[p k ] to results on the 
Tate module T P (A), although some caution is needed, owing to our slightly strange 
choice of Selmer structures on A[p fc ]. Let E be the set of places of F consisting of 
all archimedean places and all primes at which A has bad reduction. Define 

H^Fe/F^T^A)) = ]imH l (F s /F n ,T p (A)) 

Zoo = limffi^iJ^F^Tp^)) 

Zooj = \im (B v \pE(F 7hV ) ®Z p 

Z oo , s Zx: /Zoo , / 

where we regard Zoo,/ as a A-submodule of Z x via the Kummer map. Suppose we 
are given some z G H^ w (F-s/F 00 ,T p (A)) whose image £ z G Zoo, s actually lands in 
J r Zoo, s with r > 0, say C z — (7— l) r y for some choice of topological generator 7 G T 
and some y G Z^^. Let yo denote the image of y in H 1 (F p , T P (A)) / (A(F P ) <S> Z p ) 
and define 

A< r) : A v (Fp)®Q p -> W r 

by A* (a) = (yo,a) ■ (7 — l) r , where ( , ) is the local Tate pairing. 

Theorem 4.5. With notation and definitions as above, let zq be the image of z in 
FL x {F,Tp(A)). Then z G S p r) {A/F) and for any c G S p r] {A v /F) we have 

hV(z ,c) = \P(c p ) 
where c p is the image of c in A y (F p ) ® Q p . 

Proof. Fix some positive integer k. First note that our assumption that all finite 
primes of E are finitely decomposed in F^ implies that z is unramificd away from p, 
by Corollary B.3.5 of (TBJ- Hence, if z(k) denotes the image of z in \imH 1 (F n , A[p k )) 

(the limit being over n), we have z(k) G H^- tel (F, Si w ) where S — A[p k ], T is the 
Selmer structure obtained by propagating the Selmer structure of Definition 13.21 
through the injection 5j w — > Sk, and the notation J-" rel has the same meaning 
as in Section [21 We claim that the image of z(k) in Hj- F (F, S\ w ), which we shall 
denote C z (k), is divisible by (7 — l) r . Indeed, it suffices to show that the natural 
map Zoo — > H (F p , Si w ) takes Zoo./ into Hj?(F p , Sj w ), so that we have a well- 
defined map Zoo s H^j:{F, S\ w ). By Tate local duality, this is equivalent to the 
condition that the natural map 

H\F p ,Too) -> ]im® v[p H 1 (F ntV ,A v \p 00 }) 
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takes Hjrw{F Pl Too) into the image of \iuv® v \ p (A(F n . v ) ® Q p /Z p ) under the Rum- 
mer map, where T — A w [p k \ and J rV is the Selmer structure of Definition 13.21 
This claim now follows by replacing A by A v in Propositions 13.41 and 13.51 (strictly 
speaking, these propositions state that there is a natural map on global Selmer 
groups Hjrv(F 7 Too) —> Sel p °° (A v /Foa), but the proofs proceed by showing that 
the isomorphisms of local cohomology induced by Shapiro's lemma take the local 
conditions defining the left hand side into the local conditions defining the right 
hand side). We have now shown that the order of vanishing of C z (k) is at least r, 
and so appealing to Theorem 12.51 we see that zg(k), the image of z(k) under 



lies in the submodule Y" fc defined at the beginning of this section. Passing to the 

(r) (r) 

limit over k we have zq € Yob , and therefore z £ S p (A/F). 

Now fix some c G Y^^ (the module defined in the same way as Y^) , but with 
A and T replaced by A v and J rV ) . Passing to the limit in Theorem 12.51 we have 
the equality h^ r \zo, c) = Xi (cp) in J r / J r+1 , and extending by Q p -linearity proves 
the same result for c € S p r \A v /F). □ 

In the special case where Sp^ (A/F) is one-dimensional and S^ 00 * 1 (A/F) is trivial, 
the above theorem may be regarded as a p-adic, cohomological formulation of the 
Birch and Swinnerton-Dyer conjecture. In this situation 3 5 > 1 such that 



If zq 7^ 0, the left hand side of the equality of the theorem can then be interpreted 
as a regulator term. By the theorem, C z must vanish to order <5, and the right 
hand side is like the value of the <5 th -derivative. This interpretation breaks down 
when the dimension of S p 1 \A/F) is greater than one, since the formula only allows 
one to compute the heights of elements against some fixed element zq , and not all 
pairwise heights in a basis. 

Of course this is only interesting if one can construct an element z for which we 
are somehow justified in calling C z ap-adic L-function, and there are essentially two 
cases where this is understood: when A/Q is an elliptic curve, Kato has constructed 
such an element for which C z is related to the Mazur-Swinnerton-Dyer p-adic L- 
function of E, and when A is a CM elliptic curve the Euler system of elliptic units 
is related, by work of Yager, to the two- variable p-adic L-function constructed by 
Katz. For applications of Theorem 14. 5 1 in these special cases, see [1] for the elliptic 
unit case and [HI [15] for the case of Kato's Euler system. 
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